Two classes of functions are hereby considered; namely, η-quasiconvex, and strongly η-quasiconvex functions. For the former, we establish some novel integral inequalities of the trapezoid kind for functions with second derivatives, while, for the latter, we obtain some new estimates of the integral β α (r -α) p (βr) q K(r) dr when |K(r)|, to some powers, is strongly η-quasiconvex. Results obtained herein contribute to the development of these new classes of functions by providing broader generalizations to some well-known results in the literature. Furthermore, we employ our results to deduce some estimates for the perturbed version of the trapezoidal formula. Finally, applications to some special means are also presented.
Introduction
Nearly no mathematician can ignore the significant role of convex sets and convex functions in applied mathematics, especially in nonlinear programming and optimization theory. In addition, the elegance of convex sets and functions in shape and property makes studying this branch of mathematical analysis attractive. On the other hand, it should be observed that in new problems related to convexity, generalized notions for convex sets and functions are required to reach favorite and applicable results. In the past six decades, many determined attempts have gone in universalizing the concept of convexity. One of such generalizations is the concept of quasiconvex functions given in the definition below.
Unless otherwise stated, we shall assume throughout this paper that D ⊆ R is an interval, and D • represents the interior of D. For this class of quasiconvex functions, Ion established the following results. Theorem 2 ([11] ) Let K : D → R be a differentiable function on D • , α, β ∈ D • with α < β. If |K | is quasiconvex on [α, β] , then
If |K | p/(p-1) is quasiconvex on [α, β] for p > 1, then
Following the same line of thought, Alomari et al. proved the following.
In another direction, Özdemir et al. obtained an estimate for the integral β α (rα) p (βr) q K(r) dr in the following theorem.
where B(·, ·) is the Beta function defined for any m, n > 0 as thus:
Motivated by the above results, Liu proved the following results in same direction. 
Recently, Gordji et al. introduced a new class of convexity-called η-quasiconvex functions.
A generalization of the above definition was recently proposed by Awan et al. as follows.
Some papers concerning functions that are η-quasiconvex and strongly η-quasiconvex have been published. We refer the interested reader to [4, 5, 7, 8, 13, [17] [18] [19] 21] and the references cited therein.
Inspired by the above results, it is our goal, in this present article, to: 1. Establish some perturbed inequalities akin to (1)-(3) for functions that are η-quasiconvex in absolute value. Three theorems are obtained in this direction and they extend Theorems 2-4 to this new class of functions. Applications of these results are also presented. 2. Extend Theorems 5-7 to the class of strongly η-quasiconvex functions. As a special case, our results boil down to already established theorems stated in this article. See Remark 19. We arrange this article in the following manner: in Sect. 2, we state and prove our main results. Sections 3 and 4 present applications to the trapezoidal formula and special means, respectively.
Main results
For the proof of our main results, the following lemmas will be useful.
, then the following equality holds:
Then for some fixed p, q > 0 the following equality holds:
Perturbed trapezoid inequalities via η-quasiconvexity
We now frame and justify our results for the class of η-quasiconvex functions.
where M β α (|K |, η) and N β α (|K |, η) are defined by (10) and (11), respectively.
Proof By using the definition of η-quasiconvexity of |K | on [α, β], one obtains the following inequalities:
and
for τ ∈ [0, 1]. Now, applying Lemma 10, and inequalities (10) and (11), we get
That completes the proof of Theorem 12. (12) and (13), respectively.
Proof The η-quasiconvexity of the function |K | q implies that, for τ ∈ [0, 1],
Also, it is easy to see that
Using Lemma 10, Hölder's inequality, and thereafter Eqs. (12)- (14) , one obtains
That establishes the desired inequality.
Proof Applying Lemma 10 and the power integral inequality, one gets
Hence, the intended result is obtained.
More inequalities via strong η-quasiconvexity
We now present some new estimates for β α (rα) p (βr) q K(r) dr by means of the strong η-quasiconvexity.
Proof The strong η-quasiconvexity of K on [α, β] implies that, for τ ∈ [α, β], one obtains
for τ ∈ [0, 1]. From Lemma 11 and (16), we get
which gives the intended inequality.
Remark 16 Let η(x, y) = xy. If, in addition, we assume that K in Theorem 15 is 1. increasing, then (15) 
Proof The strong η-quasiconvexity of the function |K| y on [α, β] implies that, for τ ∈ [0, 1],
Applying (18) to Lemma 11, Hölder's inequality and the definition of the Beta function given above, one obtains
That completes the proof.
We end this section with our last result.
with α < β, and let s ≥ 1. If |K| s is strongly η-quasiconvex with nonnegative modulus μ on [α, β], then, for some fixed p, q > 0, we obtain
Proof We proceed as in the proof of Theorem 17, but this time we use the mean power inequality. We have
which gives the desired result. 
Applications to trapezoidal formula
We start by recalling the following well-known result: let K : [α, β] → R be a function whose second derivative exists in (α, β) and let P be a partition of the interval [α, β], that is, P : α = r 1 < r 2 < · · · < r m-1 < r m = β, then
where the trapezoidal formula F(K, P) is defined by
and the approximation error E(K, P) of the integral J by the trapezoidal formula F(K, P) and satisfies the inequality
with Q = max r∈(α,β) |K (r)| < ∞. In this section, we establish some perturbed new inequalities analogous to the estimate in (20) for twice differentiable functions. 
Proof By using the function η(x, y) = xy in (9) of Theorem 12, one gets
Now employing (21) for the subintervals [r k , r k+1 ] for k = 0, m -1 of P, we obtain r k+1
Summing both sides of the above inequality over k from 0 to m -1 amounts to
from which the desired inequality is obtained.
By applying Proposition 20, the following consequence is obtained.
, then, for every partition P of [α, β], we have: 
II. If
Proof We apply Theorem 13 to the bifunction η(x, y) = xy, and we proceed as in the proof of Proposition 20. (r k+1r k ) 3 K (r k+1 ) .
II. If |K | q is decreasing, then E(K, P) + 5G(K, P) ≤ 1 2
Employing Theorem 14, we conclude this section by presenting a generalization of Proposition 20.
Proposition 24 Let
K : D ⊂ [0, ∞) → R be a differentiable function on D • such that K ∈ L([α, β]), where α, β ∈ D with α < β. If |K | q is a quasiconvex function on [α, β] for q ≥ 1, then for every partition P of [α, β] E(K, P) + 5G(K, P) ≤ 7 6 m-1 k=0 (r k+1 -r k ) 3 max K (r k ) q , K (r k+1 ) q 1 q .
Applications to special means
In this section, we apply some of our theorems to the following special means for distinct real numbers x and y.
Arithmetic mean:
A(x, y) = x + y 2 .
Geometric mean:
G(x, y) = √ xy, x, y > 0.
Harmonic mean:
H(x, y) = 2xy
x + y .
Logarithmic mean:
L(x, y) = xy ln |x| -ln |y| , |x| = |y|, and x, y = 0. 
Generalized logarithmic mean:
Proof We use Theorem 13 and proceed as in the proof of Proposition 25.
Proposition 27 Suppose α, β ∈ R with 0 < α < β. Then, for q ≥ 1, we have
Proof Here, we consider the function K(s) = 1/s, s ∈ [α, β]. The function |K (s)| q = ( 2 s 3 ) q is η-quasiconvex with respect to η(s, t) = st. Employing Theorem 14 to K and η, we get the desired result.
Conclusion
Many integral inequalities associated with the η-quasiconvex and strongly η-quasiconvex functions have been established. Results obtained herein generalize, extend and refine some published theorems in the literature. Applications to the trapezoidal formula and some special means are also considered. We anticipate that this work will trigger further investigation in this direction. Some new inequalities can also be found in [3, 9, 10, 12, 14, 15, 20] .
